Abstract. The main result of the paper is to get the transition formulae between the alcove form and the permutation form of w ∈ W a , where W a is an affine Weyl group of classical type. On the other hand, we get a new characterization for the alcove form of an affine Weyl group element which has a much simpler form compared with that in [10] . As applications, we give an affirmative answer to a conjecture of H. Eriksson and K. Eriksson in [4] concerning the characterization of the inverse table of w ∈ W a ; we also describe the number π s (w) in terms of permutation form of w ∈ W a .
The relations between these two presentations has been explicitly described for the case of type A l (see [9] ). but not yet for the other classical types so far. The aim of the present paper is to study these relations for the cases of types B m , C n and D k .
Our main result is to obtain the transition formulae between the permutation form and the alcove form of w ∈ W a when the type of W a belongs to these three families (see The alcove form (k(w; α)) α of w ∈ W a adopted here is essentially the same as that in [10] , but with two changes as below. The one is that the relation k(w; −α) = −k(w; α)
in [10] is replaced by k(w; −α) = −k(w; α)−1 for all the positive roots (and hence for all the roots) α. The other is that in dealing with the case of the classical types, we replace the root system Φ by the corresponding coroot system Φ ∨ as the index set of the alcove form of w. The reason for these changes is to make our transition formulae simpler.
The another reason for the second change is that we have got a new characterization for the alcove form of w ∈ W a , which is equivalent to the original one in [10, Theorem 5.2] but has a much simpler form when stated in terms of coroot system (see Theorem
1.3).
In general, the permutation form of w ∈ W a is not unique. This depends on the way of embedding the group W a into the permutation group on Z (see [1; 13] ). The permutation form of w ∈ W a we take in the present paper has the advantage that when restricting to the corresponding Weyl group, the permutation form of an element is just the usual one.
We give two applications of our results. One is to show that when an affine Weyl group W a has classical type, the entries of the alcove form of w ∈ W a exactly comprise the inverse table of w defined by H. Eriksson and K. Eriksson (see [4, §8.] and Theorem 4.1).
Thus our new characterization for the alcove form of w ∈ W a gives a characterization for the inverse table of w (see Theorem 4.5), the latter was conjectured by H. Eriksson and K. Eriksson in the case of type C l in [4, 8.3.] .
Let (W, S) be a Coxeter system. For any w ∈ W and s ∈ S, let π s (w) be the minimal possible multiplicity of the factor s occurring in a reduced expression of w. There is no general formula for the number π s (w). Then our second application is to deduce very simple formulae for π s (w) in terms of permutation form of w when (W, S) is an affine Weyl group of classical type (see 5.8-5.10).
Thoughout this paper, an affine Weyl group is always assumed irreducible, i.e., its
Coxeter graph is connected.
pay our attention only to the affine Weyl groups W a of the classical types. We describe the alcove form and the permutation form of w ∈ W a in Sections 2 and 3 respectively.
Then we show our main results of the paper in Sections 4 and 5, where we obtain the transition formulae between the alcove form and the permutation form of w ∈ W a in the cases of the classical types. §1. The alcove forms.
In this section, we collect some results concerning the alcove form of an element w in an affine Weyl group W a . As mentioned in the Introduction, we make some formal changes in the definition of the alcove form of w. Thus we have to reformulate some results in [10] . One result is new (i.e., Theorem 1.3), which gives a new characterization for an alcove in a euclidean space.
1.1. Let Φ be an irreducible root system of rank l > 1. Let E be the euclidean space spanned by Φ with inner product , such that |α| itself is also a root system, but with its type dual to that of Φ. This fact will be important later when we make a change for the index set of the alcove form of an affine Weyl group element.
For any α ∈ Φ and k ∈ Z, define a hyperplane
and a strip
Then we have H −α,k = H α;−k and H given here slightly differs from that in [10] . According to [10] , we would have
Thus by this new definition, we have to re-examine some results of [10] . Note that it makes no change for the results only involving positive roots. We call any non-empty connected simplex of (1. 
holds (see [10, Theorem 5.2] ). Now we give a new and simpler form for this result. 
, the inequality
holds. 
Proof
and (1.3.1) is
We have to show the equivalence of the inequality systems (1. Then adding (1.3.6) to the first inequality of (1.3.3) on the corresponding sides and subtracting k α from all sides of the resulting inequality, we get
The second inequality of (1.3.4) follows from (1.3.7). Next assume (1.3.4) . Then the first inequality of (1.3.3) is obtained by adding two inequalities of (1.3.4) together on the corresponding sides, followed by subtracting k 2α+β from all sides of the resulting inequality. Rewrite the second inequality of (1.3.4) into the form
Then the second inequality of (1. 
The group W a is called an affine Weyl group of type X, where X is the type of the coroot system Φ ∨ .
1.5.
It is well known that the right action of W a on E gives rise to permutations of the
So it induces permutations of the set U of alcoves of E. It is also well known that U is simply transitive under W a (see [2; 14] ).
Let w =w · T ∈ W withw ∈ W and λ ∈ Q. We consider the alcove
So we get
We see that
Thus any alcove of U has the form
w ∈ W a , with the convention that
(comparing with [10, §1.] ). Note that (1.5.2) actually holds for any α ∈ Φ. We shall identify W a with U as sets under the correspondence w → A w , and call (k(w; α)) α∈Φ + or (k(w; α)) α∈Φ the alcove form of w. From (1.5.1), we get
where the decomposition w =w·T λ is as above (comparing with [10, Theorem 3.3] ). This is also equivalent to a formula given by Iwahori and Matsumoto [6] .
1.6. The action of an element s j ∈ S on U can be described as follows. For w ∈ W a , we have by (1.5.1) that
for any α ∈ Φ (comparing with [10, Proposition 4.2]).
1.7.
We can define the left action of W a on U as below. For y, w ∈ W a , we set y(A w ) = A yw . Then for w ∈ W a and s j ∈ S, we have 
§2. The cases of the classical types.
In this section, we shall first give an explicit description for all the irreducible root systems of the classical types. Then we reformulate some results on the alcove forms of w ∈ W a in these cases. A significant change is made for the index set of the alcove form of w ∈ W a , where the root system Φ is replaced by the corresponding coroot system Φ ∨ .
We set the notations Ω
will be used quite often later on.
2.2.
We know that there is a natural bijective map α → α ∨ from a root system Φ to the corresponding coroot system Φ ∨ . By Theorem 1.3, it is more convenient to express the
. We make such a change from now on. Then for an affine Weyl group W a of type X, X ∈ Ω l , the index set of the alcove form of w ∈ W a will be the root system of type X. Note that −α 
2.4. The root system of type A l−1 , l 2, can be described by
The roots (t − 1, t), 1 < t l, form a simple root system, and Φ
i < j l} is the corresponding positive root system. The highest root is (1, l).
The roots (t−1, t), 1 t l, form a simple root system, and Φ
i < j} is the corresponding positive root system. The highest root is (−l + 1, l).
2.6. The root system of type C l , l 2, can be described by
The roots (t − 1, t), 1 < t l, and (−1, 1) form a simple root system, and Φ
is the corresponding positive root system. The highest root is (−l, l).
2.7.
The root system of type D l , l 4, can be described by
The roots (t − 1, t), 1 < t l, and (−1, 2) form a simple root system, and Φ 
2.8.
Fix w ∈ W a ( X), X ∈ Ω l . Let Φ be the root system of type X. In the alcove form (k(w; α)) α∈Φ of w, we shall denote the entry k(w; (i, j)) simply by k(w; i, j) for 
Its simple reflection set S = {r 0 , r 1 , · · · , r l−1 } is given by  for i ∈ Z and 0 t < l. Each element w ∈ A l is determined entirely by the images (a 1 )w, (a 2 )w, · · · , (a l )w of any given l integers a 1 , · · · , a l under w, which are pairwisely incongruent modulo l.
3.2.
As a Coxeter group, the affine Weyl group W a ( X) of type X ∈ Ω l has the following presentation:
where m ij = 1 for i = j; m ij = 3 in one of the following cases:
m ij = 4 in one of the following cases: under the involutive automorphism φ which sends r i to r 2l+1−i for all i, 0 i 2l + 1:
The simple reflections s t , 0 t l, of W a ( C l ) are the permutations on Z satisfying that for i ∈ Z and 1 < t l, we have under the automorphism φ (see 3.
3):
where N l (w) is the number of the integers j with j < l + 1 and (j)w > l + 1. The simple reflections s t , 0 t l, of W a ( B l ) are the permutations on Z as below. For i ∈ Z and 1 < t l, we have
The affine Weyl group W a ( D l ) (l 4) can be regarded as a subgroup of A 2l+2
by an injective homomorphism which sends s t , 1 < t l, to r t−1 r 2l+2−t , s 1 to r 0 r 2l+1 r 0 r 1 r 2l r 0 r 2l+1 r 0 and s 0 to r l r l+1 r l r l−1 r l+2 r l r l+1 r l , or equivalently, regarded as a certain fixed point set of A 2l+2 under the automorphism φ (see 3.
3): and i ∈ Z, we have 
From the above discussion, we get the following result easily. 
In the case of X ∈ Ω l , we have (2) (−i)w = −(i)w for any i ∈ Z. (3) (h(l + 1))w = h(l + 1) for any h ∈ Z.
(4) (i)w ≡ 0, l + 1 ( mod 2l + 2) for any i ∈ Z with i ≡ 0, l + 1 ( mod 2l + 2).
Remark 3.7. (i) Our definition of W a ( C l ) as a group of permutations on Z is slightly different from that given by R. Bédard (see [1] ). According to R. Bédard, the group W a ( C l ) was embedded into the group A 2l+1 instead of A 2l+2 . The advantage of our definition is that the symmetry between the generators s 0 and s 1 in W a ( C l ) could be seen more explicitly in form.
(ii) The descriptions (3.3.1), (3.4.1), (3.5.1) of the groups W a ( X), X ∈ Ω l , can be shown easily by applying induction on (w) 0 and by the fact that the number of inversions of w is increasing when (w) is getting larger.
(iii) Let X ∈ Ω l . Then regarded as a permutation on Z, an element w ∈ W a ( X) is determined uniquely by the images (a 1 )w, · · · , (a l )w of any given l integers a 1 , · · · , a l under w, provided that they are pairwisely incongruent modulo 2l + 2, none of which is divisible by l + 1, and no pair of which have the sum divisible by 2l + 2. §4. Transition from the permutation forms to the alcove forms.
Let X ∈ Ω l for an appropriate integer l (see 2.1.). In this section, we shall show the transition formulae from the permutation form to the alcove form of w ∈ W a ( X). Let Φ = Φ(X) be the root system of type X. Let m X be the integer defined as in Lemma 3.6. and hence m X = 2l + 2. We see that the set 
, we have (i)s t < (j)s t and |(i)s t | |(j)s t |.
Thus in this case, we get from (1.6.1) that
On the other hand, by (1.6.1), (2.3.1), (4.1.2), Lemmas 2.9 and 3.6, we have 
can be shown similarly. Also, we have 
for any i, j ∈ Z. We call k(w; i, j) a basic entry of the alcove form of w if (i, j) ∈ Φ(X).
It is straightforward to deduce the following for any i, j ∈ Z and w, y ∈ W a ( X).
Note that in the above corollary, the element y is regarded as a permutation on Z.
4.4.
The right-hand side of (4. (1)
This theorem gives an affirmative answer to the conjecture in [4, 8.3] . §5. Transition from the alcove forms to the permutation forms. 
where we use the relation
by ( (1) When X = A l−1 , we have
Since k(w; −t, t) is not a basic entry of the alcove form of w when X = B l , D l . So in these cases, we have to calculate k(w; −t, t) via the basic entries of the alcove form of w in order to get the required transition formulae.
5.3.
Assume X = B l , l 3. By (5.1.7), we need only determine r(w; 0, t) in order to calculate (t)w 
, (4)). So (w, t) can also be determined uniquely by δ(w, t) except for the case of δ(w, t) = l. When δ(w, t) = l, r(w; 0, t) could be either l or l + 2 and hence (w, t) could be either 0 or 1. But we see from Lemma 3.6, (1), (2) that there is exactly one integer t with 1 t l satisfying r(w; 0, t) ∈ {l, l + 2} for a given w ∈ W a ( B l ). This tells us that all the (t)w 
for any w ∈ W a ( B l ), l 3. In the last case, the value (t)w ).
Next assume
Then ∆ (w, t) is determined entirely by the basic entries of the alcove form of w. By .
Note that we have δ (w, t)
Then by (5.1.7) and (5.5.3), we can summarize our results as follows.
Theorem 5.6. In the above setup, we have ) respectively.
5.7. Now we consider the functions N 0 (w) and N l (w) of W a ( X) (X ∈ Ω l ). Write, for 1 t l, (5.7.1) (t)w = k t (2l + 2) + r t = k t (2l + 2) − (l + 1) + r t with k t , k t , r t , r t ∈ Z and 0 r t , r t < 2l + 2 (By Lemma 3.6 (4), we have 1 r i , r i < 2l + 2). Then The formula (5.9.3) holds also in the case of X = B l .
5.10. We have described the numbers π i (w) in the case where X ∈ Ω and i = 0, 1. This number can be described in a much simpler way in all the remaining cases: 
